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Chapter 1
Introduction
All known charged particles have an associated antiparticle sharing the same features, except
for an opposite charge. While matter is made of particles, antimatter is made of antiparticles.
Furthermore, particles and antiparticles can not coexist in the same quantum state because
they annihilate each other generating a photon. Vice versa, a photon can create a particle-
antiparticle pair. These phenomena are explained by Dirac’s interpretation of antiparticles as
holes in a ”negative-energy sea” of particles [1]. In this interpretation it is thought that in the
vacuum particles fill out all of the negative-energy states and, therefore, it is not possible for
positive-energy particles to fall into negative energies. The particles at negative energies are not
observable, however, it would be possible for a photon to promote an electron out of the sea,
into positive energy, where this particle and the hole left in the sea would be observable. The
remaining hole will be an object with all the properties of an electron but with positive charge.
Similar physics can be found in condensed matter systems, in particular in metals. In their
ground state metals have half of their conduction band filled with electrons up to the Fermi
energy, while the band is empty above this energy. If, for example, a phonon promotes and
electron over the Fermi energy the remaining empty space, called hole, is positively charged and
takes an opposite spin than the removed electron. In such a model the electrons and holes take
the role of particles and antiparticles while the phonon interactions take the role of the photons.
Metals can be modeled as electron noninteracting quantum gases where only electron and hole
excitations are possible. Nevertheless, if physical systems with interactions are considered then as
stated by Ref. [2] sometimes excitations (quasiparticles) of a fundamentally different type emerge
that resemble particles that hitherto have been considered only as a Mathematical possibility.
The implementation of a particular type of quasiparticle excitations called Majorana states
is currently attracting much interest in condensed matter systems in general [3–13], and in
nanowires in particular [14–27]. Interest has been further fueled by recent experimental evidences
of these Majorana states in quantum wires [28–32].
The Majorana state is named after physicist Ettore Majorana, he proposed a modification
of the Dirac equation in order to describe a fermionic particle with a real valued wave function.
Particles with real valued wave functions are their own antiparticles, consequently they must
be also chargeless. Majorana states in condensed mater systems inherit the name because
two Majorana quasiparticle excitations in the same quantum state return the system into its
original state. In other words, Majorana quasiparticles behave as their own antiquasiparticles
annihilating each other. Note that this is very different from the Pauli exclusion principle, two
fermions just can not be in the same state while Majoranas can do it but they fuse together
in a fermion state. Majorana states are represented by spinors instead of real valued wave
functions where their components are not necessarily real. Because the particle hole symmetry of
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Figure 1.1: Dirac’s interpretation of negative-energy states for fermions. This interpreta-
tion uses the Pauli exclusion principle to model antiparticles as holes in a sea of particles
under zero energy. It is also shown the promotion of a negative-energy particle to positive
energy leaving a positively charge hole or antiparticle.
electron quantum gases antiquasiparticle states have an opposite energy than their quasiparticle
counterparts. As a consequence, Majorana particles can only exist at zero energy in this kind
of systems because this is the only way that they can be their own antiparticles.
All known fundamental particles are fermionic or bosonic in nature [1, 33]. In the same
manner, excited states of condensed matter systems can be classified as bosonic or fermionic
too. However, it happens that Majorana states in low dimensional systems are neither bosonic
nor fermionic but they behave as non abelian anyons instead. As explained in Ref. [2] these are
a particular class of quasiparticles whose quantum state changes nontrivially by the exchange of
particles. Furthermore these state changes are different depending on the direction of interchange
of the Majorana quasiparticles. Once the localized Majorana quasiparticles can be manipulated
to control their interchanges they are expected to have applications in topological quantum
computing. Quantum computing is a new kind of computation where quantum states are used
to represent information and their evolution in time is used to perform operations [34], [35].
Topological quantum computing uses the interchange of non abelian anyons to perform fault
tolerant computing [33], [36].
Very recently, Kouvenhoven’s group in Delft reported the detection of Majorana states in a
quantum nanowire made of a homogeneous indium antimonide semiconductor with an applied
constant magnetic field and a region of induced superconductivity [28], see Fig. 1.2. In a su-
perconductor the electrons are paired into almost bosonic Cooper pairs which condense into a
single quantum state. As shown in Fig. 1.3 the presence of a Cooper pair condensate makes
electron-like and hole-like excitations equivalent and allow in a natural way for mixed states able
to be their own antiquasiparticles. In a superconductor, quasiparticle excitations are Bogoliu-
gov excitations: a linear superposition of electron-like ( positive energy, E > 0 ) and hole-like (
negative energy, E < 0 ) states. The combination of Zeeman and spin-orbit interactions makes
the quasiparticles spinless and allows their existence at zero energy. With spinless quasiparticles
we are unable to distinguish them from their antiquasiparticles and the existence of Majorana
states at zero energy is possible. For this reason the nanowire is placed into a large magnetic
field parallel to its axis and the indium antimonide semiconductor is selected by its strong spin-
9Figure 1.2: a) Scheme of the device. The green rectangle indicates the tunnel barrier
separating the normal part of the nanowire on the left from the wire section with induced
superconducting gap. An external voltage V applied between N and S drops across the tunnel
barrier. b) Implemented version of theoretical proposal. Scanning electron microscope image
of the device with normal (N) and superconducting (S) contacts. The S contact only covers
the right part of the nanowire. The underlying gates, numbered 1 to 4, are covered with a
dielectric. Figures reproduced from Ref. [28].
orbit coupling. Indeed the creation of Majorana modes in quantum nanowires is a complex
phenomena product of the simultaneous existence of these three interactions, it is the combined
work of these three interactions as a whole that makes possible the existence of the Majorana.
Superconductivity is proximity induced in the semiconductor nanowire [37], as shown in Fig
1.2. When a metal superconductor is in contact with a semiconductor some Cooper pairs leak
into the semiconductor changing its properties if the semiconductor is thinner than the coherence
length of these pairs. In this work we will develop the models with this kind of mechanism in
mind. The detection of the Majorana is carried on by means of its transport properties. Two
terminals are attached to the nanowire ends then the differential conductance dI/dV ( where I is
the electrical current and V the applied voltage ) shows a peak at zero bias. This is, accordingly
with the theoretical predictions, the hallmark of the existence of Majorana quasiparticles. Some
criticism has arisen about these experiments but different proposals [29,31,32] are also reporting
Majorana signatures. Therefore, although no conclusive evidence exists yet about Majorana
states there are enough reports to be optimistic about the opening of a new line of investigation
in the field of quantum computation.
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Figure 1.3: a) In a superconductor, the properties of electrons (blue) and holes (grey) are
drastically modified by their interaction with the surrounding sea of Cooper pairs. To put
an electron is equivalent to add a hole plus a Cooper pair. b) Cooper pairs cluster around
holes and thin out around electrons, in such a way that no rigorous distinction between
them remains. Reproduced from Ref. [4].
Chapter 2
One dimensional model
This section is a literal transcription of the articleMajorana modes in smooth normal-superconductor
nanowire junctions published in Physical Review B by Javier Osca and Llorenc¸ Serra [38].
2.1 Abstract
A numerical method to obtain the spectrum of smooth normal-superconductor junctions in
nanowires, able to host Majorana zero modes, is presented. Softness in the potential and su-
perconductor interfaces yields opposite effects on the protection of Majorana modes. While a
soft potential is a hindrance for protection, a soft superconductor gap transition greatly favors
it. Our method also points out the possibility of extended Majorana states when propagating
modes are active far from the junction, although this requires equal incident fluxes in all open
channels.
2.2 Introduction
In 1936 Ettore Majorana theorized the existence of elementary particles, now called Majorana
Fermions, that coincide with their own antiparticles [39]. The implementation of quasiparticle
excitations having a similar property, called Majorana states, is currently attracting much inter-
est in condensed matter systems in general, [3–13] and in nanowires in particular [14–27]. Interest
has been further fueled by recent experimental evidences of these Majorana states in quantum
wires [28–32]. They are also known as Majorana zero modes (MZM) and, in essence, they are
topological zero-energy states living close to the system edges or interfaces. The existence of
an energy gap between the MZM and nearby excitations protects the former from decoherence.
These properties make MZM’s interesting not only for their exotic fundamental physics but also
for their potential use in future topological quantum-computing applications [33,36].
Majorana modes can be implemented in a superconductor wire by the combined action of
superconductivity, Rashba spin-orbit coupling and Zeeman magnetic effect. In a superconductor,
nanowire electrons play the role of particles, while holes of opposite charge and spin perform
the role of antiparticles. Superconductivity leads to a charge symmetry breaking and allows
quasiparticles without a good isospin number. On the other hand, the Rashba effect is a direct
result of an inversion asymmetry caused by an electric field in a direction perpendicular to the
propagation while the Zeeman magnetic field breaks the spin rotation symmetry of the system.
The combined action of both couplings can create effective spinless Majorana states.
11
12 CHAPTER 2. ONE DIMENSIONAL MODEL
It is known that in semiconductor nanowires having a region of induced superconductivity
Majorana edge states are formed in the junction between the superconductor and the normal
side of the nanowire. This work addresses the physics of soft-edge junctions, where both super-
conductivity and potential barrier characterizing the edge vary smoothly as one moves from the
normal to the superconductor side. The inset in Fig. 2.1 sketches the physical system we have in
mind. As suggested in the figure, the potential smoothness could be electrically manipulated by
gates while the induced superconductivity crossover might be controlled by spatially modulating
the distance between nanowire and underlying superconductor. This latter effect is represented
by an intermediate wedge of insulating material. It is worth mentioning that our model could
also represent an intrinsic smoothness due to uncontrolled effects in the device fabrication, such
as, e.g., shape distortions or impurity migration.
Previous works on nanowire Majorana physics assumed abrupt transitions, with a few ex-
ceptions. In Refs. [40, 41] smooth 1D models were considered, emphasizing how smooth edge
potentials possess eigenstates at very low (but finite) energies that, in practice, imply a loss of
protection for the MZM. Similar conclusions were found with 2D models of tight-binding chains
in Refs. [42, 43]. Our work generalizes those studies by focusing on the role of a diffuse super-
conductivity edge placed either at the same or at different position of the potential barrier. We
find a strong influence of the superconductivity smoothness on the finite-energy Andreev states
occurring inbetween potential and superconductivity edges. This is relevant for the protection of
MZM’s as it is affected in opposite ways by the smoothness in potential and superconductivity:
protection is hindered by a smooth potential (also discussed in Ref. [41]) and, remarkably, it is
favored by a smooth superconductivity.
This work is divided in six sections. In Sec. II the physical system is introduced and in
Sec. III the numerical method is explained. Section IV contains different results for bound and
resonant states in different kinds of junctions, in absence of any input flux. Section V is devoted
to an extension for junctions under an input flux, demonstrating that in this case extended
MZM’s are possible, as opposed to the localized ones of preceding sections. The conclusions are
drawn in Sec. VI.
2.3 Physical system
We consider a purely 1D nanowire model with spin-orbit interaction inside an homogeneous Zee-
man magnetic field as in Ref. [44]. The system is described by a Hamiltonian of the Bogoliubov-
deGennes kind,
HBdG =
(
p2x
2m
+ V (x)− µ
)
τz +∆B ~σ · nˆ
+ ∆(x) τx +
α
h
pxσyτz , (2.1)
where the Pauli operator for spin is represented by ~σ while the operator for isospin (electron/hole
charge) is represented by ~τ . The successive energy contributions in Eq. (2.1) are (in left to right
order): kinetic, electric potential, chemical potential, Zeeman, superconduction and Rashba
term. The latter arises from the self interaction between an electron (or hole) spin with its
own motion due to the presence of a transverse electric field, perceived as an effective magnetic
field in the rest frame of the quasiparticle. On the other hand, the Zeeman effect is the band
splitting caused by the application of an external magnetic field. Rashba spin-orbit and Zeeman
effects depend on the parameters α and ∆B respectively. Since we consider a nanowire made
of an homogeneous material inside a constant magnetic field these parameters are assumed
2.3. PHYSICAL SYSTEM 13
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Figure 2.1: NS junction of an infinite nanowire. The black curve is the nanowire potential
V (x) created by nearby gates while the gray curve is the superconductor gap induced by
proximity with an s-wave superconductor. The inset sketches the physical system. The
normal contact (x < xL) is characterized by potential V0 and the superconductor one (x >
xR) by a gap ∆0. A smooth variation of V (x) and ∆(x) occurs at transition points x1 and x2,
respectively. A Zeeman magnetic field is applied homogeneously along the entire nanowire
pointing in x-direction while the Rashba SOI effective magnetic field points perpendicularly
in y-direction. The numerical method uses a grid as indicated schematically by the dots on
the x axis.
homogeneous. The magnetic field points in the xˆ direction, parallel to the propagation direction
and perpendicular to the spin-orbit effective magnetic field direction yˆ. The superconduction
term arises from a mean field approximation over the phonon assisted attractive interaction
between electrons. This leads to the coupling of the opposite states of charge of the base and
the creation of Cooper pairs whose breaking energy is the energy gap ∆(x). The remaining
terms in Eq. (2.1) are the potential term V (x) created by the presence of a metallic gate over
the nanowire and the chemical potential term µ.
The nanowire smooth junction is sketched in Fig. 2.1, with left (x < xL) and right (x > xR)
contacts corresponding to the normal and superconductive sides, respectively. The normal
contact is characterized by a bulk potential V0 and the superconducting one by a gap ∆0.
Superconduction in a semiconductor nanowire region is achieved by maintaining that region in
contact with a 3D superconductor. In the junction region between the two asymptotic behaviors,
xL < x < xR, a smooth transition is described by the potential V (x) and gap ∆(x) functions of
the position x.
The transitions between bulk values in V (x) and ∆(x) are modeled with two soft Fermi
functions centered at x1 and x2, respectively. Their softness is controlled with parameters s1
and s2. A zero softness means a step interface, while a high value implies a smooth one. These
two functions read
V (x) =
V0
1 + e(x−x1)/s1
, (2.2)
∆(x) = ∆0
(
1−
1
1 + e(x−x2)/s2
)
. (2.3)
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2.4 Numerical method
The energy eigenstates fulfill the time independent Schro¨dinger equation with the Bogoliubov-
deGennes Hamiltonian,
(HBdG − E) Ψ(x, ησ, ητ ) = 0 , (2.4)
where the wave function variables are the spatial coordinate x ∈ (−∞,∞), the spin ησ ∈ {↑, ↓}
and the isospin ητ ∈ {⇑,⇓}. The basis projection for spin and isospin is taken in zˆ orientation,
with isospin up and down representing electron and hole quasiparticles, respectively. We expand
next the wave function in spin and isospin spinors
Ψ(x, ησ, ητ ) =
∑
sσsτ
Ψsσsτ (x)χsσ(ησ)χsτ (ητ ) , (2.5)
with the quantum numbers sσ = ± and sτ = ±. The spin and isospin states fulfill
~σ · nˆ χsσ(ησ) = sσχsσ(ησ) , (2.6)
τz χsσ(ησ) = sτχsτ (ητ ) . (2.7)
We numerically obtain the wave function amplitudes Ψsσsτ (x) on the set of N grid points,
qualitatively sketched in Fig. 2.1 (N is actually much larger than shown in the figure). In our
approach, the energy E is given and we determine whether a physical solution exists or not for
that energy. In particular, MZM’s will be found for values of E equal to zero. Using n-point
finite difference formulas for the x-derivatives, Eq. (2.4) transforms on the grid into a matrix
linear equation of homogeneous type.
The solution must be compatible with the bulk boundary conditions for grid points in the
normal (x < xL) and superconductor contacts (x > xR). In these asymptotic regions the
solutions, at the desired energy E, are given by a linear combination of bulk eigensolutions
Φ
(c)
k (x, ησ , ητ ), each one characterized by a wave number k and c = L,R being a generic label
for the contact,
Ψ(x, ησ, ητ ) =
∑
k
C
(c)
k Φ
(c)
k (x, ησ, ητ ) . (2.8)
The bulk eigensolutions are expressed in terms of exponentials
Φ
(c)
k (x, ησ , ητ ) =
∑
sσsτ
Φ
(c)
ksσsτ
eik(x−xc)χsσ(ησ)χsτ (ητ ) . (2.9)
The set of wave numbers and state coefficients {k,Φ
(c)
ksσsτ
} characterizing the solutions in
contact c must be known in advance in order to proceed with the numerical calculations. These
coefficients can be obtained for the homogeneous and infinite problem either analytically or by
means of additional numerical methods [15,44]. Equation (2.8) must be fulfilled in replacement
of Eq. (2.4) for grid points in the asymptotic regions. Notice that they are local relations in x
and, therefore, do not involve wave function amplitudes on points located further to the left or
right of the grid ends.
Due to symmetries, there are always four bulk wave numbers per contact in outward direc-
tion. By outward direction we mean either exponentially decaying from the junction, in case
of evanescent modes, or moving away from it in case of propagating modes. Notice that for
propagating modes the flux direction is parallel and antiparallel to the corresponding real k
for quasiparticles of electron and hole type, respectively. A closed linear system for the set of
4N +4+4 unknowns {Ψsσsτ (x), C
(L)
k , C
(R)
k } is easily obtained from Eqs. (2.4) and (2.8). A final
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complication, however, is found in the homogeneous character of this linear system mathemati-
cally admitting the trivial solution of all unknowns equal to zero.
We discard the trivial solution by introducing an arbitrary matching point xm as well as a
specific pair of spin-isospin components (s, t). Assuming Ψst(xm) does not identically vanish we
can arbitrarily impose
Ψst(xm) = 1 , (2.10)(
d(L)
dx
−
d(R)
dx
)
Ψsσsτ (xm) = 0 , (sσ, sτ ) 6= (s, t) . (2.11)
Equations (2.10) and (2.11) are four equations that we require at xm in place of the Bogoliubov-
deGennes one. Thanks to Eq. (2.10) the resulting system is no longer homogeneous. In Eq.
(2.11), d(L)/dx and d(R)/dx indicate grid derivatives using only left or right grid neighbors.
Crossing the matching point is actually avoided using non centered finite difference formulas.
With this substitution of one equation the resulting linear system admits a nontrivial solution,
robust with respect to changes in the arbitrary choices: xm, (s, t).
By means of Eq. (2.11) our algorithm ensures the continuity at the matching point of the
first derivative for all spin-isospin components, with the exception of the arbitrarily chosen
(s, t). This relaxation of one condition makes the algorithm numerically robust and free from
singularities. The mathematical solutions can be discriminated by defining the physical measure
F =
∣∣∣∣∣
(
d(L)
dx
−
d(R)
dx
)
Ψst(xm)
∣∣∣∣∣
2
. (2.12)
Only those results with F = 0 are true physical solutions but this can be tested afterwards,
at the end of the algorithm. Varying the energy E or the Hamiltonian parameters the method
allows the exploration of the topological phases.
The resulting system of equations is solved with a sparse-matrix linear algebra package [45].
As in Refs. [15] and [44] the numerical algorithm works in adimensional units, using the Rashba
spin-orbit interaction (SOI) as a reference. The corresponding length and energy units read
Lso =
h¯2
αm
, (2.13)
Eso =
α2m
h¯2
. (2.14)
Assuming, for instance, an InAs-based nanowire with m = 0.033me and α = 30 meVnm the
physical units are Lso = 77 nm and Eso = 0.39 meV. For an InSb nanowire with m = 0.015me
and the same α the corresponding values would be Lso = 170 nm and Eso = 0.18 meV. In the
rest of this work all results will be referred to this material-dependent units.
The strict 1D character of our model represents the low energy limit of laterally confined
additional dimensions, when only the lowest transverse mode is allowed. A generalization of
the present numerical method to a multimode situation is possible with the use of the higher
dimensional complex band structure, discussed in Ref. [44] for 2D. Notice, however, that this
generalization would also require modifying the present matching algorithm and it would be
computationally much more demanding.
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Figure 2.2: Density distributions of MZM’s obtained with our numerical method (dark
gray or blue) and with analytical approximations (light gray or green) [24]. a) Strong SOI
regime Eso >> ∆B : ∆B = 0.09Eso, ∆0 = 0.06Eso and L = 50Lso. b) Intermediate regime
Eso = ∆B: ∆0 = 0.2Eso, L = 20Lso. In this case the analytical result is not known. c)
Weak SOI regime Eso << ∆B : ∆B = 10Eso, ∆0 = 4Eso and L = 5Lso.
2.5 Results without input flux
We study first the physics of the junction in absence of any input fluxes. Physically, this
situation occurs when propagating modes in both contacts are either not active or, at most, they
carry flux only in outwards direction from the junction. This behavior is expected in presence
of purely absorbing (reflectionless) contacts. It is well known that in absence of propagating
modes bounded MZM’s may exist in some cases. The allowed asymptotic wave numbers have
an imaginary component causing the wave functions to decay away from the junction. As
a consequence the main characteristic of these bounded MZM’s is that they are confined in a
particular region of space. We will first check our method comparing with the analytical limits of
Klinovaja and Loss, [24] extending later the analysis to other results not obtainable analytically.
These results range from the formation of Majorana modes in soft edge junctions of different
kinds, to the influence of the edge on the MZM localization and protection.
2.5.1 Comparison with analytical expressions
Reference [24] provides analytical expressions for MZM’s in a sharp NS junction, in a semi-infinite
system. They are approximations valid deep into the topological phase ∆B ≫
√
∆2o + µ
2. The
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Figure 2.3: MZM density (thick curve) in arbitrary scale when the potential interface is
located at x1 = 10Lso with a softness parameter s1 = 0.2Lso and the superconductor gap
interface is located at x2 = 30Lso with softness s2 = 0.2Lso. The rest of parameters are
Vo = 2Eso, ∆o = 0.25Eso, ∆B = 0.4Eso and µ = 0.1Eso. The position dependent potential
and superconductor gap are shown by the thin black and gray curves, respectively.
approximations are done for both strong SOI (Eso >> ∆B) and weak SOI (Eso << ∆B) regimes.
In the strong SOI regime the Rashba spin-orbit effect is the dominating term while the magnetic
field and the superconductivity are treated as small perturbations. On the other hand, in the
weak SOI regime the magnetic field term dominates. In Fig. 2.2 density distributions for NS
junctions in a semi-infinite nanowire are shown for the strong and weak SOI regimes, as well as
for an intermediate situation. The strong and weak regime numerical solutions (in dark-blue)
are compared with their analytical counterparts (in light-green). The exclusion effect on the
hard edge on the left is achieved in the numerical method by putting a very high sharp potential
step at x = −L, while the sharp superconductor interface is located at x = 0.
The strong SOI Majorana density function is characterized by the combination of an oscilla-
tory behavior modulated by exponential bounds in the normal side of the junction while, on the
other hand, the weak SOI density is characterized by constant oscillations up to the NS inter-
face. Entering the superconductor contact both densities decay, although in a more oscillatory
way for the weak SOI. Note also that the intermediate regime Eso ≈ ∆B represents a sort of
mixed situation with a first density peak near the x = −L edge followed by regular oscillations
of constant amplitude up to the NS junction. The theoretical and numerical results agree well
in their corresponding regimes (but for some fine effects). However, the analytical solutions are
not applicable out of their regimes of approximation. Therefore a numerical approach is po-
tentially very useful in order to predict MZM’s density distributions in many realistic physical
realizations that can be out of the strong and weak regimes in a varying degree.
2.5.2 Soft edge junction results
Assume now the normal side contains a soft potential step characterized by a finite V0, allowing
some penetration. As can be seen in Fig. 2.3, this implies the appearance of a maximum in
the density distribution near the potential edge followed by regular oscillations of decreasing
amplitude. The density starts decaying exponentially in the superconductor interface until it
vanishes well inside the superconductor side of the system.
The present method allows us to obtain the solutions not only for E = 0 but for any
arbitrary value of E. Figure 2.4 shows the location of the eigenstates in a ∆B-E plane. They
are signaled by the zeros of the function F [cf. Eq. (2.12)], represented here in a color (gray
scale) plot. Black and white curves in Fig. 2.4 inform us on the presence of propagating modes
in the superconductor and normal sides, respectively. That is, for energies above the curve
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Figure 2.4: a) Junction spectrum for different values of the magnetic field. The same
parameters of Fig. 2.3 have been used. The colors represent the values of the function F .
Note that a solution exists when F = 0 (in dark-blue). Above the black line propagating
modes exist in the superconductor side of the junction while above the white line the prop-
agating modes exist in the normal side. b) Zoom of the spectrum showing the formation of
the Majorana zero mode when the magnetic field becomes high enough for the system to
perform a transition to the topological phase. ∆B = 0.27Eso is the topological critical value
of the Zeeman field.
propagating modes are possible in the superconductor (black) and normal (white) contacts.
When propagating modes become possible asymptotically, the zeros of F no longer represent
bounded states, but purely outgoing resonances created by the junction. In this case there is
no violation of charge conservation since outgoing electron and hole equal fluxes imply zero
currents.
For Zeeman energies lower than the critical value ∆
(c)
B ≡
√
∆20 + µ
2 no MZM exists but,
instead, finite energy subgap fermions may be found. Only those at positive energies are shown
in Fig. 2.4, but the spectrum is exactly symmetrical for negative energies. When the magnetic
field energy equals ∆
(c)
B the gap closes in the superconductor side. This is hinted in Fig. 2.4
by the presence of propagating modes in the superconductor side of the junction even at zero
energies for this specific magnetic field. For higher fields the gap immediately reopens in the
superconductor region and the junction enters the topological phase with an E = 0 solution,
a MZM. In this phase finite energy resonant Andreev states can be found as well. The energy
difference between the MZM and the finite energy states is a measure of the protection of the
MZM. The greater the energy difference the greater the protection of the Majorana. Increasing
further the magnetic field the MZM is finally destroyed due to the closing of the gap in the
normal side of the junction. This is signaled by the appearance of propagating modes in this
side of the junction even at zero energy. When the state at zero energy becomes propagating
the bounded Majorana zero modes can not exist. All these results are in agreement with the
present knowledge on MZM’s and represent a further check on our numerical method.
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Figure 2.5: a) Same as in Fig. 2.3 but with a softer superconductivity interface s2 = Lso.
b) Same as in Fig. 2.2 and a) but with an even softer, almost linear, superconductivity
interface s2 = 5Lso.
2.5.3 Softness effects
This section is devoted to study the effects that changes in the softness parameter of the poten-
tial and superconductor interfaces cause on the Majorana density function and on the junction
spectrum. In general, the shape of the density function is robust to moderate changes in the
softness of the superconductor gap interface (see Fig. 2.5a). If we replace the sharp super-
conductor interface by a region of a gradually increasing superconductivity the Majorana wave
function is not greatly affected. However, if we assume a very soft (almost linear) increase in
superconductivity it is possible to see how the density tail of the MZM adapts to the appearance
of the superconductivity (see Fig. 2.5b).
The MZM is also robust with changes of the potential interface softness (see Fig. 2.6a).
Again, only with an almost linear decrease of the junction potential a sizeable reduction of the
density tail towards the superconductor side can be seen with respect to the result for an abrupt
potential. We also notice a slight increase in the width of the density peak as well as a change in
the peak position (see Fig. 2.6b). Combining the two effects, if the softness of both potential and
superconducting interfaces is high enough a MZM with a well localized density peak is found
(see Fig. 2.8a).
A similar robustness against softness is found in the junction energy spectrum. Figure 2.7a
shows the spectrum of eigenenergies, containing the MZM at zero energy and its closest excited
bound and resonant states at finite energies. As before, the location of the eigenenergies is
signaled by the zeros of the function F (in black). Note that although the function F is not
symmetrical with respect to E = 0, the position of the zeros indeed is. The particular shape
of F is actually irrelevant and only the position of its zeros bears a physical meaning. The
blue staircase curve informs us about the number of propagating modes in the superconductor
side of the junction. The protection of the MZM, proportional to the energy gap with its
nearby eigenenergies, does not change significantly for moderate values of the softness of the
superconductor and potential interfaces. On the other hand, for high enough values of the
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Figure 2.6: a) Same as in Fig. 2.3 but with a potential softness parameter s1 = Lso while
the superconductor gap interface has a softness parameter s2 = 0.2Lso. b) Same as a) but
with a potential softness parameter s1 = 5Lso.
softness interesting results arise.
For high values of the superconductor interface softness, shown in Fig. 2.7b, the protection
of the MZM is increased since its neighboring eigenenergies are repelled from zero. In this case,
the finite energy modes get closer to the activation energy of the propagating modes, i.e., to
the energy gap on the superconductor side of the junction. On the contrary, the increase of
the potential softness introduces more excited states inside the superconductor energy gap, thus
getting closer to the MZM energy (see Fig. 2.7c). The appearance of low energy states in a soft
potential interface is in agreement with the results of Ref. [41]. The characteristic features of
these low energy states in tunneling conductance experiments were discussed in Ref. [46].
When both interfaces are made soft the two effects on the spectrum we have just discussed
compete. That is, the higher softness of the potential introduces more bound states inside the
superconductor energy gap, while the softness of the superconducting interface tries to push
them apart from the MZM. The result is that many excited states get densely packed near the
superconducting gap energy (see Fig. 2.8b).
2.5.4 MZM’s in different kinds of junctions
Up to this point it has been assumed that the position of the potential interface x1 and the
superconduction interface x2 are such that x1 < x2, i.e., they do not overlap. In this subsection
we consider a more general situation, defining two kind of junctions: type I junctions without
overlapping region (x1 < x2) and type II junctions in the opposite case (x1 > x2). Figure 2.9
shows a comparison between both types, as well as the limiting intermediate situation. In type I
junctions the MZM density behaves as in previous sections, with a density peak localized on the
potential edge followed by regular oscillations and a decaying behavior inside the superconductor
region. On the other hand, type II junctions just show an oscillatory density whose amplitude
decays as the function penetrates the superconductor region. The limiting case x1 = x2 behaves
similarly to the type II junction.
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Figure 2.7: a) Junction spectrum when the potential interface is located at x1 = 10Lso
while the superconductor gap interface is located at x2 = 30Lso both with softness param-
eters s1 = s2 = 0.2Lso. The rest of parameters are V0 = 2Eso, ∆o = 0.25Eso, ∆B = 0.4Eso
and µ = 0. The function F is shown in black while the number of propagating modes in
the superconductor side of the junction is shown in blue-gray. Each step corresponds to the
activation of a propagating mode. The zeros of F indicate the existence of a solution with
the corresponding energy E. b) Same as a) but with a superconductor gap interface softness
s2 = 10Lso while the potential softness is s1 = 0.2Lso. c) same as a) and b) but this time
with a potential interface softness s1 = 10Lso and a superconductor gap interface softness
s2 = 0.2Lso.
We also notice from Fig. 2.9 that the density peak is always found close to the potential
interface. That is, the MZM is located on the potential step and not on the superconductivity
interface. Superconductivity is a necessary ingredient for the formation of the MZM but, in
practice, its maximum probability can be located quite far from the superconductor interface.
As shown in Fig. 2.7a, bounded states are found in type I junctions at energies different
from zero. We believe these states are Andreev resonant states formed in the region between the
two interfaces. This statement is confirmed by means of a change in the superconductor bulk
value ∆0. As shown in Fig. 2.10, out of the topological regime the MZM splits into two subgap
Fermionic states but the Andreev resonant states remain almost with the same eigenenergies.
Notice also that the number of Andreev states is larger and their energies are closer to zero in
type I junctions with a large non overlapping region, i.e., large d = x2 − x1 (see Fig. 2.11a).
On the contrary, if d is diminished the number of Andreev resonant states diminishes an their
energies fall apart from zero. In the limiting case when d is zero the Andreev resonant states
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Figure 2.8: a) MZM density when the potential interface is located at x1 = 10Lso while
the superconductor interface is located at x2 = 30Lso, both with a softness parameter
s1 = s2 = 10Lso. The rest of parameters are Vo = 2Eso, ∆o = 0.25Eso, ∆B = 0.4Eso and
µ = 0.1Eso. b) Energy spectrum of the junction in a). As before the function F is shown in
black while the number of propagating modes in the superconductor side of the junction is
shown in blue-gray. Zeros in F indicate the existence of a solution with the corresponding
energy E.
disappear and the protection of the MZM is determined by the amplitude of the gap on the
superconductor side of the junction as shown in Fig 2.11b. The same happens for type II
junctions with d < 0. Furthermore, in this case (d ≤ 0) the junction spectrum is even more
resilient to changes in the softness of the interfaces, being almost insensitive to them.
The distinction between genuine MZM’s and split Fermionic states out of the topological
regime can be experimentally very challenging for type I junctions. As can be seen in the lower
panel of Fig. 2.4, for values of the magnetic field ∆B > 0.15Eso the first eigenvalue quickly
moves near zero energy as the magnetic field increases. If the experimental resolution is not
high enough these two states (recall that the spectrum is symmetric for negative energies) could
be perceived as a single one and their sudden displacement near zero energy misinterpreted as
a topological transition; the actual transition being for ∆B > 0.27Eso . This effect of proximity
to zero energy of Fermionic states out of the topological phase is exclusive of d > 0 (type I)
junctions. In d ≤ 0 (type II) junctions these states do not get close to zero energy until the true
topological transition.
2.6 Results with input flux
Decreasing the potential V0, for a fixed ∆B, ∆0, and zero energy, wave functions characterized
by real wave numbers arise in the bulk normal side of the junction. When this occurs, bounded
MZM’s no longer exist due to their coupling with propagating modes. In the preceding section
we assumed that if propagating modes were present they only carried outgoing flux. In this
section we explore the influence of incident fluxes on the junction. The same numerical method
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Figure 2.9: Different kinds of soft NS junctions in an infinite nanowire. The used param-
eters are Vo = 2Eso, ∆o = 0.25Eso, ∆B = 0.4Eso and µ = 0.1Eso. Panel a) is for a type I
junction, with non overlapping high potential and superconductivity regions. Panel c), for
a type II junction, is just the opposite. Panel b) is the limiting case between the two when
the potential and superconductor interfaces are located at the same point.
explained above can be used here, disregarding the use of the matching point and just fixing
the coefficients Ck of the input modes as this already yields a non homogeneous linear system.
We only consider input modes from the normal side of the junction, given by electron states of
positive k and hole states of negative k. Furthermore, it is also assumed that all propagating
input modes impinge on the junction with exactly the same flux.
Following the sequence from high to low values of V0, the system evolves from no propagating
modes at high V0 to four input modes (with two different k’s) for moderately low values of the
potential V0. In this case, the resulting zero mode density is characterized by a beating pattern
of a large wave length modulated by a smaller one (see Fig. 2.12b). For ∆0 = 0.25Eso and
∆B = 0.4Eso this regime ranges from V0 = 0.68Eso, where the propagating modes arise, down
to V0 = 0.50Eso. Above V0 = 0.68Eso only evanescent modes are possible (see Fig. 2.12a). The
zero mode solution obtained in this range does not represent a MZM since its wave function
components do not fulfill the requirement
Ψsσsτ (x) = (−1)
sσ−sτ
2 Ψ∗−sσ−sτ (x) . (2.15)
For V0 < 0.50Eso half of the normal side allowed wave numbers become purely imaginary,
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Figure 2.10: Junction spectrum out of the topological phase. In this regime the MZM
is split into two subgap fermions. The used parameters are Vo = 2Eso, ∆o = 0.6Eso,
∆B = 0.4Eso and µ = 0.
thus leading to an evanescent contribution to the boundary condition. As a consequence, there
are only two modes (with the same k) and the resulting density has a single period of oscillation
(see Fig. 2.13b). In this case the wave function represents a MZM since it fulfills Eq. (2.15).
This example of extended MZM’s demonstrates that their existence is not limited to bounded
states.
Physically, the distinction between extended and bounded MZM’s is that the former require
input fluxes from the asymptotic contacts to the junction, while the latter do not. This definition
has no ambiguity when junction and contacts are properly defined. For these extended states
the assumption of equal incident flux in electron and hole channels is crucial. If the input is
prepared in a specific electron or hole state of a given spin, the MZM condition Eq. (2.15) is
lost for low values of the bulk potential. Therefore, extended MZM’s are possible albeit for a
particular superposition of input states only.
2.7 Conclusions
A numerical method to calculate the wave function of MZM’s in presence of a soft normal-
superconductor junction has been developed. This method is able to detect whether a partic-
ular energy E is an eigenenergy or not of the junction and, when it is the case, obtain the
corresponding wave function. The junction is described by smooth functions of position in a 1D
nanowire with Rashba spin-orbit interaction, a Zeeman magnetic field and superconductivity. It
has been applied to a semi-infinite abrupt nanowire junction in order to compare its results with
those obtained analytically, as well as to infinite soft junctions in order to study the dependence
to different parameters of the MZM density and its protection from energetically alike excited
states.
We have proven the resilience of the MZM density to the softness parameters and studied the
dependence of its localization with the potential interface position. This latter feature hints the
possibility of manipulating the position of the Majorana modes in order to perform topological
quantum operations. We have found the remarkable result of an increase in the protection of the
MZM for high values of the softness of the superconductor gap interface, while high values of the
softness of the potential interface have an opposite effect. Finally, we have shown the existence
of extended MZM’s, albeit limited to feed the junction with a particular set of propagating input
states. This result demonstrates that MZM’s are not always restricted to bounded states.
The verification of our predictions would require experimental manipulation of the junction
smoothness. Qualitatively, it has been suggested that this could be accomplished with gates
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for the electrical potential and with an insulating wedge for the induced superconductivity,
modulating the distance to the nearby superconductor. Our model could also represent an
intrinsic smoothness due to uncontrolled effects in the device fabrication. Extending the present
analysis to multimode nanowires might reveal interesting effects from the combination of junction
smoothness and mode-mode competition [16,25].
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Figure 2.11: Spectra for different kinds of junctions. The used parameters are Vo = 2Eso,
∆o = 0.25Eso, ∆B = 0.4Eso and µ = 0. Panel a) is for a type I junction with a long
separation between potential and superconductor interfaces (d = 30Lso) while panel b)
corresponds to the limiting case between type I and type II junctions when both interfaces
are located on the same position (d = 0). Like in preceding figures the zeros of F indicate
the existence of a solution with the corresponding energy E.
Figure 2.12: a) Majorana bounded state found for Vo = 0.69Eso, ∆o = 0.25Eso, ∆B =
0.4Eso and µ = 0.1Eso. Potential and superconductor interfaces are located at x1 = 10Lso
and x2 = 30Lso respectively and their softness parameters are s1 = s2 = 0.5Lso. b) Zero
energy non Majorana extended state. The figure is shown for the same parameters as in a)
but with V0 = 0.67Eso.
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Figure 2.13: a) Non Majorana bounded state found for V0 = 0.51Eso, ∆o = 0.25Eso,
∆B = 0.4Eso and µ = 0.1Eso. Excluding V0 these are the same parameters as in Figs.
2.12a and 2.12b. b) Density for a MZM extended state. The figure is shown for the same
parameters as in a) but with V0 = 0.49Eso.

Chapter 3
Cylindrical Nanowire
The one dimensional infinite model of the preceding chapter is very useful in order to study in
a simple and qualitative way the behavior of Majorana zero modes in thin and long quantum
nanowires. Nevertheless, a more realistic approach should pay attention to the role of the
transverse additional dimensions as well as the finite size of the nanowire.
3.1 Physical model
In this chapter we study the spectrum of a semiconductor nanowire modeled as a supercon-
ducting cylinder of high aspect ratio in a homogeneous magnetic field, as shown in Fig. 3.1.
The quasiparticles are assumed to move only on the surface of the cylinder, thus modeling the
nanowire as a two dimensional cylindrical shell. As before, the cylinder is assumed to be made
of a material with strong spin-orbit coupling. In this way the three ingredients needed to ob-
tain Majorana modes are present in the model: superconductivity, spin-orbit interaction and a
Zeeman magnetic field. This is reflected in the structure of the Hamiltonian built, as before, of
four terms
H = Hkin +HR +HZ +HS , (3.1)
where the successive contributions are kinetic, Rashba spin-orbit, Zeeman and superconductivity.
The kinetic term makes use of the canonical momentum ~Π = ~p + ec
~A where ~p is the usual
momentum operator in three dimensions and ~A is the vector potential. The vector potential
Figure 3.1: Hollow semiconductor nanowire with cylindrical geometry of length L. Cylin-
drical coordinates and unit vectors are indicated. A magnetic field ~B is applied in an
arbitrary direction. Figure reproduced from Ref. [27].
29
30 CHAPTER 3. CYLINDRICAL NANOWIRE
models the orbital effects of the magnetic field on the electron trajectories. Therefore, the kinetic
term is
Hkin =
1
2m∗
Π2 − µ , (3.2)
where µ is, as usual, the chemical potential.
In Cartesian coordinates the canonical momentum is written as
~Π ≡ ~p+
e
c
~A = h¯
[
~k −
y
2l2z
uˆx +
x
2l2z
uˆy +
(
−
x
2l2y
+
y
2l2x
)
uˆz
]
, (3.3)
where the magnetic lengths along direction i ≡ x, y, x are li =
√
h¯c/eBi. Trivially, when
a certain component vanishes the corresponding magnetic length diverges, giving a vanishing
contribution to Hkin. Since the system has cylindrical symmetry, it is more convenient to
introduce the cylindrical coordinate system. Furthermore being a two dimensional problem
cylindrical coordinates will allow us two express the Hamiltonian as function of two coordinates
(note that the radius ρ is fixed). In that coordinate system, the unit vectors are
uˆρ =
x
ρ
uˆx +
y
ρ
uˆy = cos(φ)uˆx + sin(φ)uˆy , (3.4)
uˆφ = −
y
ρ
uˆx +
x
ρ
uˆy = − sin(φ)uˆx + cos(φ)uˆy , (3.5)
uˆz = uˆz , (3.6)
where cos(φ) = xρ , sin(φ) =
y
ρ and ρ =
√
x2 + y2.
If we use ~k = kφuˆφ + kzuˆz in combination with Eqs. (3.4), (3.5) and (3.6) the kinetic
momentum can be rewritten in cylindrical coordinates
~Π = h¯
[(
kφ +
ρ
2l2z
)
uˆφ +
(
kz +
ρ sin(φ)
l2x
+
ρ cos(φ)
l2y
)
uˆz
]
, (3.7)
allowing us to write the kinetic energy term in these same coordinates
Hkin =
1
2m∗
[
p2φ +
h¯ρ
l2z
pφ +
h¯2ρ2
4l4z
+ p2z + 2h¯
(
sin(φ)
l2x
−
cos(φ)
l2x
)
ρpz
]
+h¯2
(
sin(φ)
l2x
−
cos(φ)
l2x
)2
ρ2
]
− µ . (3.8)
If we double now the degrees of freedom of the electron’s Hamiltonian of Eq. (3.8) the result
will be also applicable for holes. The hole sector is directly obtained by a time-reversal operation
on the Hamiltonian. Therefore, the doubling adds minus signs to some of the Hamiltonian
terms for the hole degrees of freedom. Furthermore, the kinetic term can be splitted into a
non-magnetic
H
(0)
kin =
[
p2φ + p
2
z
2m∗
− µ
]
τz , (3.9)
and a magnetic term
H
(1)
kin =
h¯2
2m∗
[
ρ
l2z
pφ
h¯
τz +
ρ2
4l2z
τz + 2
ρ
l2x
sinφ
pz
h¯
τz − 2
ρ
l2y
cosφ
pz
h¯
+
ρ2
l4x
sin2 φτz +
ρ2
l4y
cos2 φτz − 2
ρ2
l2xl
2
y
sinφ cosφ
]
, (3.10)
3.2. DEPENDENCE ON MAGNETIC FIELD 31
where the cylindrical coordinate system indicated in Fig. 3.1 is assumed. The electron and holes
degrees of freedom are represented with the Pauli matrices τx,y,z acting on the isospin space, as
in the one dimensional model of the preceding chapter.
The Rashba term is obtained assuming the existence of an external electric field and has the
same form of the one dimensional model but using the canonical momentum ~Π
HR =
α
h¯
~σ ·
(
~Π× uˆE
)
, (3.11)
where uˆE is the direction of the external electric field. If we assume an homogeneous electric
field pointing in xˆ direction and we perform the transformation to cylindrical coordinates then
HR =
α
h¯
(Πzσy −Πyσz) =
α
h¯
(Πzσy −Πφ cos(φ)σz) . (3.12)
Similarly to the kinetic term, the Rahba term is extended into the Nambu space (electron-
hole space) and divided in two contributions, a non magnetic one
H
(0)
R =
α
h¯
[
pzσyτz − cosφpφσz −
ih¯
2ρ
sinφσz
]
, (3.13)
and a magnetic one
H
(1)
R = α
[
ρ
l2x
sinφσyτz −
ρ
l2y
cosφσy −
ρ
2l2z
cosφσz
]
. (3.14)
A radial field ~E = E uˆρ was also tested but this did not lead to the appearance of any Majo-
rana state due to the absence of any preferred spin direction. Finally, the Zeeman HZ and
superconductor HS contributions have the same form as in the one dimensional model
HZ = ∆B~σ · nˆ , (3.15)
HS = ∆0τx . (3.16)
Summarizing, the Hamiltonian depends on the superconducting gap ∆0, the Zeeman and Rashba
coupling strengths ∆B, α and on the direction of the magnetic field nˆ.
To obtain the energy spectrum the total Hamiltonian is diagonalized numerically using as
a basis states |n,m, sσ, sτ 〉 where n is the quantum number associated with the infinite square
well eigenstates (z direction), m is the Lz eigenvalue (angular momentum along z) while sσ
and sτ are the usual spin and isospin quantum numbers. The numerical algorithm works in
dimensionless units, defining energy and length units as
EU ≡
h¯2
m∗ρ2
, (3.17)
LU ≡ ρ . (3.18)
3.2 Dependence of the cylinder spectrum on the magnetic field
In this section we reproduce the results of Ref. [27] while in subsequent ones we shall extend this
work obtaining further results. Figures 3.2 and 3.3 show the spectrum of a cylindrical nanowire
of L = 30LU for different values of the magnetic field in the cases when this field is pointing
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Figure 3.2: Eigenenergies dependence with the magnetic field ∆B for a cylinder neglecting
the orbital effects. The applied magnetic fields are pointing along xˆ ,yˆ and zˆ directions from
top to bottom, respectively. The parameters used are ∆0 = 0.12EU , α = 0.2EULU , µ = 0
and Lz = 30LU . The number of basis states are Nn = 51 and Nm = 31. Only the lowest 6
pairs of eigenvalues are displayed. Figure reproduced from Ref. [27].
along the xˆ, yˆ and zˆ directions. In Fig. 3.2 the orbital effects have been neglected (lx, ly, lz =∞)
while in Fig. 3.3 the full Hamiltonian is considered.
For the yˆ direction the spectrum in Fig 3.2b is dense with only accidental crossing at zero
energy while for the field oriented in the xˆ and zˆ directions (Figs. 3.2a and 3.2c) they show
the emergence of a zero energy Majorana pair of modes at a critical field ∆
(c)
B = 0.15EU . The
difference arises because the effective magnetic field caused by the Rashba spin-orbit effect points
in the yˆ direction. When the magnetic field and the spin-orbit interaction point along the same
direction there are no anti-crossings between Zeeman eigenstates of opposite spin because in this
case these states are eigenstates of the spin-orbit term too. In other words, the eigenstates lose
their helicity because the spin does not precess and the spin number becomes a good quantum
number, an undesirable quality for a Majorana.
On the other hand when in Figs. 3.2a and 3.2c ∆B gets large enough an increasingly oscil-
lating behavior of the spectrum manifest the degradation of the Majorana modes by finite size
effects. Furthermore, when ∆B exceeds 0.5EU two more Majorana pairs of modes emerge in
Figs. 3.2a and 3.2c. Therefore a total of three of these pairs of modes are oscillating around
zero energy. If each topological phase of the cylinder is labeled by the number of Majorana pair
of states present, the expected sequence will be 0 − 1 − 3 − 5 − . . .. Each angular momentum
m subset of eigenstates contributes to create a Majorana pair of modes after some critical field
(one arises from a positive energy fermionic state while the other for its negative energy coun-
terpart). In other words the angular momentum is doing the role of the transversal confinement
in two-dimensional structures, when the magnetic field is high enough to lower the energy of
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Figure 3.3: Same as in Fig. 3.2 but considering the orbital effects. Figure reproduced from
Ref. [27].
the corresponding m modes to zero by Zeeman effect they start contributing in the formation
of their own Majoranas. It can be also understood that the finite width of the nanowire gives
room to the creation of multiple Majoranas wavefunctions orthogonal to each other. Each m
subset contributes an independent Majorana pair while degeneracy of m states with −m states
causes the MZMs pairs to arise in pairs too with the exception for the m = 0 mode.
Figure 3.3 shows equivalent results to Fig. 3.2 but considering also the influence of the
orbital effect on the energy spectrum. Logically, now xˆ and zˆ are no longer equivalent since the
allowed electron motion in both directions differ and a large anisotropy in the gap closing value
is obtained. Furthermore, for xˆ and yˆ directions states of accidental Majorana character emerge
beyond ∆B ≈ 0.5EU and ∆B ≈ 0.4EU respectively. These Majoranas are called accidental
because of their low protection with respect to Fermionic levels that lie very close to zero and
also because their isolated crossing at zero energy that makes them very prone to disappear due to
fluctuations of the magnetic field. On the other hand, a clear Majorana mode emerges for a much
lower magnetic field values ∆B ≈ 0.15EU when it is applied in the zˆ direction. Furthermore,
when the magnetic field is increased a second Majorana mode is present for 0.18EU < ∆B <
0.27EU . Increasing further the magnetic field in Fig. 3.3c a sequence of 0− 1− 2− 1− 3− . . .
Majorana pairs is hinted, but this is greatly distorted due to orbital and finite size effects. This
sequence is in clear difference with that of Fig. 3.2c and, therefore, has to be attributed to the
orbital effects. In any case, the finite-size effects eventually destroy the Majoranas making their
energy to oscillate around zero energy as the magnetic field increases, regardless of the presence
or absence of orbital terms.
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Figure 3.4: Eigenenergies (including orbital effects) as a function of the magnetic tilting
angle from the z axis, for different orientations: a) y = 0 plane, b) x = 0 plane, c) x = y
plane. As before, the parameters used are ∆0 = 0.12EU , α = 0.2EULU , µ = 0 and
Lz = 30LU but for a determined ∆B = 0.2EU
3.3 Dependence of the cylinder spectrum with the magnetic
angle
As shown in Fig. 3.3, two Majorana modes can be found simultaneously for some values of the
magnetic field (∆B = 0.2EU ) when this is pointing in the zˆ direction, while no Majoranas exist
for magnetic fields pointing in perpendicular directions to zˆ. However, no information is given
about the transition between these two situations and on the robustness of the Majoranas (or
the lack of it) due to fluctuations in the magnetic field direction. Figures 3.4a, 3.4b and 3.4c
show how the spectrum of the same cylindrical nanowire of L = 30LU changes for different
orientations of the magnetic field while its magnitude is maintained. Notice that Fig 3.4a shows
how the Majorana modes are robust to a tilting of the magnetic field from the zˆ towards the xˆ
direction up to almost 30◦ while, oppositely, in Fig. 3.4b it is shown how both Majorana modes
break almost immediately if the tilting is into the yˆ direction.
Zero energy crossings are found at around θ = 15◦, and also when the magnetic field is further
tilted around θ = 50◦ (Fig. 3.4b), but this kind of crossings can be labeled as accidental, first due
to their lack of protection from the fermionic levels and, second, to their weakness against small
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Figure 3.5: Eigenenergies of a cylinder (considering the orbital effects) as a function of
spin-orbit coupling. The rest of the parameters are the same of Fig. 3.3 and 3.4, including
the number of basis states and the number of displayed eigenvalues.
fluctuations in the direction of the magnetic field. Although both tilting directions (towards
xˆ and yˆ) are perpendicular between them and to zˆ they are not equivalent. The difference in
the spectrum behavior with respect to the tilting in one or the other direction is due to the
effective magnetic field caused by the spin-orbit effect, that points in the yˆ direction in our
case. As explained before, if the external magnetic field and the effective magnetic field are not
perpendicular no spinless states are obtained and the Majorana requirements are not met.
On the other hand, if the magnetic field is tilted in the x = y plane (Fig. 3.4c) the resulting
spectrum has mixed features with those shown in Figs. 3.4a and 3.4b. The Majoranas break
up for small angles but the resulting fermionic modes remain close to zero energy up to almost
40◦. Therefore, cylinders are not robust to deviations of the external magnetic field from the
cylinder axis in the plane containing the spin-orbit effective magnetic field.
3.4 Dependence of the cylinder spectrum with spin-orbit cou-
pling
Figure 3.5 shows a spectrum for a cylindrical nanowire with the same parameters used in Fig.
3.3c as a function of the spin-orbit coupling strength. The magnitude and the direction of the
magnetic field are kept constant to ∆B = 0.2EU and zˆ, respectively. In principle, this change
can be experimentally realized controlling the intensity of the transverse electrical field. As
observed in Fig. 3.5, for zero spin-orbit the states lying closest to zero energy are two fermionic
states. Increasing the spin-orbit interaction makes additional Majorana modes become activated
sequentially, in more or less regular intervals of the coupling constant α. Each time a new
Majorana mode arises, the protection diminishes for a short range of values to increase again
once the Majorana is fully formed. Since the spin-orbit coupling is also affected by orbital terms,
when high values of α are achieved the spectrum of the modes near zero energy become more and
more oscillating, blurring away the Majorana character of these modes. Although the process of
Majorana activation still works for the higher values of the spin-orbit coupling, these new modes
do not become zero modes but keep oscillating around zero energy with increasing amplitudes.
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Figure 3.6: Dependence of the spectrum of eigenergies of a cylinder with respect to its
length. The rest of the parameters are the same of Figs. 3.3 and 3.4.
3.5 Dependence of the cylinder spectrum on the geometry
The length and width of the nanowire are not tunable parameters in the same sense as the
external magnetic and electric fields, but can be controlled by fabricating different versions of
the nanowire with different dimensions. As can be seen in Fig. 3.6 Majoranas are not possible
for very short nanowires. The nanowire length must exceed at least six times its radius in order
to be able to hold a Majorana. In short nanowires the Majoranas on both ends interfere with
each other creating a fermionic state.
On the other hand, increasing the radius of the nanowire leads to a stacking of Majoranas.
In this case because ρ is a parameter the unit length definition must be different. To avoid
ambiguities we take an arbitrary length as a reference LU to measure all distances (including the
varying cylinder radius in Fig. 3.7 ). As shown in Fig. 3.7a, if the orbital effects are disregarded,
the zero point energy contribution of the angular momentum decreases as the radius becomes
larger, allowing the activation of the Majorana modes creating this way a stacking of zero
modes at regular intervals of the radius. Each Majorana pair is associated with an angular
momentum quantum number m. Since m and −m eigenengies are almost degenerate, two pairs
are activated at around the same value of the radius. As they are not completely degenerate by
the action of the transversal electric field, there is a slight difference in their activation value.
With orbital effects the spectrum becomes more involved (see Fig. 3.7b). First, the Majorana
pairs are activated one by one as the value of the radius increases. Furthermore, each pair is
destroyed shortly after its activation, developing into a fermion pair of states above the gap,
and is re-formed again for larger values. It looks like there is some kind of competition between
the different effects of the spin-orbit terms, some of them helping to create the Majorana and
some of them trying to destroy the Majorana, with the former ones eventually wining for high
values of the radius. Nevertheless, we stress the general effect of Majorana modes stacking at
zero energy for high values of the radius.
As shown in Fig. 3.8 the above mentioned stacking is possible because for high values of
the radius there is room for orthogonal wavefunctions with almost non overlapping density
distributions to be formed at the same end of the nanowire. This happens because the Majoranas
are formed at both ends of the nanowire in the surface regions perpendicular to the electric field.
The higher the radius the larger the suitable region to the Majoranas to be formed where more
and more orthogonal zero energy wavefunctions can appear.
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Figure 3.7: Dependence of the spectrum of eigenergies of a cylinder with respect to its
radius. The rest of the parameters are the same as in Figs. 3.3 and 3.4. Note that the
length unit LU in this figure is taken as a reference radius.
3.6 Conclusions
The numerical diagonalization of the Hamiltonian for a two dimensional cylindrical shell allows
us to calculate the eigenenergies and wavefunctions of the eigensolutions of a finite supercon-
ducting nanowire. In particular, we are able to find the Majorana state wavefunctions and the
parameter configurations that lead to its appearance. The resilience of the Majorana states to
the tilting of the magnetic field, as far as 30◦ into the xˆ direction, has been shown; as well as
the lack of it if one component points into the yˆ direction. We have also learned how a strong
orbit coupling is needed in order to have Majoranas but, at the same time, how orbital terms
affect the role of the spin-orbit coupling. This means that for too high values of the spin-orbit
coupling strength Majorana modes get blurred due to orbital effects.
Our main result is the stacking effect of Majorana modes with increasing values of the
magnetic field and nanowire radius. This is a novelty in comparison with one dimensional
models, and it is an exclusive property of two dimensional models. It means that we can tune
the number of localized Majorana modes that we can have at a nanowire end. Although not
explored in this work, this is hinting interesting transport properties that could be useful to
experimentally confirm the Majorana presence in nanowires and it will be matter of future
work.
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Figure 3.8: Density distributions of the lower cylinder eigenmodes. The parameters used
are ∆B = 0.2EU , ∆0 = 0.12EU , α = 0.2EULU , µ = 0, ρ = 3.2LU and Lz = 30LU . The
densities of the first positive energy solutions are plotted. All of them are Majorana modes
with the exception of the panel at the bottom that is a fermionic one.
Outlook
This work has been focused on obtaining the spectrum and the density functions of the MZM
in two simple models, a one dimensional smooth junction and a two dimensional cylindrical
shell. These models can be extended not only to better represent particular experimental setups
but also to explore physically relevant situations. For example, nanowires of different shapes
and with multiple terminals can be used as models of quantum devices able to perform simple
operations. With this objective in mind, two dimensional models can be used to study bendings
on a nanowire and, furthermore, some of the results of these models can be reproduced in the
one dimensional model too using a non homogeneous magnetic field. Not only the stationary
states of the models are susceptible to be studied, but also the dynamical evolution from an
initial condition in order to simulate a quantum operation.
On the other hand, the more accurate higher dimensional models can be extended to describe
a three dimensional junction connected to normal leads and study the transport properties of
the system. It is also of great interest to know how the properties of transport of charge, heat
and spin get altered by the presence of the Majoranas from the point of view of learning new
physics but also for future yet undisclosed potential applications.
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